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Abstract. The space of the torsion (0,3)-tensors of the hnear connections on almost 
contact manifolds with B-metric is decomposed in 15 orthogonal and invariant sub- 
spaces with respect to the action of the structure group. Three known connections, 
preserving the structure, are characterized regarding this classification. 



Introduction 

The investigations of linear connections on almost contact manifolds with B-metric 
take a central place in the study of the differential geometry of these manifolds. The 
linear connections preserving the metric are completely characterized by their torsion 
tensors. In accordance with our goals, it is important to describe linear connections 
regarding the properties of their torsion tensors with respect to the structures on the 
manifold. 

Such a classification of the space of the torsion tensors is made in [10] in the case of 
almost complex manifolds with Norden metric. These manifolds are the even-dimensional 
analogue of the odd-dimensional almost contact manifolds. 

The idea of decomposition of the space of the basic (0,3)-tensors, generated by the 
covariant derivative of the fundamental tensor of type (1, 1), is used by different authors 
in order to obtain classifications of manifolds with additional tensor structures. For 
example, let us mention the classification of almost Hermitian manifolds given in [14], of 
almost complex manifolds with Norden metric - in [7] , of almost contact metric manifolds 
- in [1], of almost contact manifolds with B-metric - in [11], of Riemannian almost product 
manifolds - in [32] , of Riemannian manifolds with traceless almost product structure - in 
[33], of almost paracontact metric manifolds - in [31], of almost paracontact Riemannian 
manifolds of type (n, n) ~ in [28]. 

The linear connections preserving the structure (also known as natural connections) 
are particularly interesting in differential geometry. On an almost Hermitian manifold 
there exists a unique natural connection V*^ with a torsion T which has the property 
T(J-,J-) = — r(-, •) with respect to the almost complex structure J. This connection 
is known as the canonical Hermitian connection or the Chern connection [4, 38, 39]. 
An example of the natural Hermitian connection is the first canonical connection of 
Lichnerowicz [20, 21]. According to [13], there exists a one-parameter family of 
canonical Hermitian connections V* = tV^ -|- (1 — i)V^. The connection V* obtained 
for t = — 1 is called the Bismut connection or the KT-connection, which is characterized 
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with a totahy skew-symmetric torsion [2]. The latter connection has applications in 
heterotic string theory and in 2-dimensional supersymmetric cr-models as well as in type 
II string theory when the torsion 3- form is closed [12, 34, 19, 18]. In [5] and [6] all 
almost Hermitian and almost contact metric structures admitting a connection with 
totally skew-symmetric torsion tensor are described. Natural connections of canonical 
type are considered on the Riemannian almost product manifolds in [15, 16, 17] and on 
the almost complex manifolds with Norden metric in [10, 8, 30]. The Tanaka- Webster 
connection on a contact metric manifold is introduced ([36, 35, 37]) in the context of 
CR-geometry. A natural connection with minimal torsion on the quaternionic contact 
structures, introduced in [3], is known as the Biquard connection. 

The goal of the present work is to describe the torsion space with respect to the almost 
contact B-metric structure, which could be used to study some natural connections on 
these manifolds. 

This paper is organized as follows. In Sec. 1, we present some necessary facts about 
the considered manifolds. Sec. 2 is devoted to the decomposition of the space of torsion 
tensors on almost contact manifolds with B-metric. In Sec. 3, we find the position of 
three known natural connections in the obtained classification. 

Convention 1. 

(a) We shall use X, Y, Z to denote elements of of the algebra X{M) on the smooth 
vector fields on M. Moreover, x, y, z will stand for arbitrary vectors in the 
tangent space TpM of M at an arbitrary point p in M; 

(b) The notation © means the cyclic sum by the three arguments x, y, z. For 

example, 6 F{x,y,z) = F{x,y,z) + F{y,z,x) + F{z,x,y); 
x,y,z 

(c) For the sake of brevity, we shall use the notation {A{x, y)}]^x^y\ ^'^^ difference 
A{x, y) — A{y, x) and {A{x, y)}^^,^^^) for the sum A{x, y) + A{y^ x), where A is an 
arbitrary tensor. Similarly, we use {A{x,y, z)}y^i^y\ = A{x,y,z) — A{y,x,z) and 
{A{x, y, = A{x, y, z) + A{y, x, z) for any tensor A{x, y, z); 

(d) We shall use double subscripts separated by the symbol /. The former and lat- 
ter subscripts regarding this symbol correspond to the upper and down signs 
plus or minus in the same equality, respectively. For example, the notation 
•^8/9 : F{x,y,z) = F{x,y,^)ri{z) + F{x, z,^)ri{y), F{x,y,^) = ±F{y,x,C) = 
F{ipx,ipy,() means ■ F{x,y,z) = F{x,y,i)r]{z) + F{x, z,£,)v{y), F{x,y,() = 
F{y,x,^) = F{ipx,ipy,^) and : F{x,y,z) = F{x,y,^)ri{z) + F{x, z,()r]{y), 
F{x,y,0 = -F{y,x,0 = F{ipx,^y,0. Similarly, Wi,i/i,2 = {T € Wf | Li,i(r) 

= tT} means >Vi,i = {T G Wf | Li,i(r) = -T} and Wi,2 = {T € W{ | 
Li,i{T) = T}. 

1. Almost Contact Manifolds with B-Metric 

Let {M, (f, ^, r], g) be an almost contact manifold with B-metric or an almost contact B- 
metric manifold, i.e. M is a (2n + l)-dimensional diffcrcntiable manifold with an almost 
contact structure {<f,^,r]) consisting of an endomorphism if of the tangent bundle, a 
vector field ^, its dual 1-form rj as well as M is equipped with a pseudo-Riemannian 
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metric g of signature (n, n + 1), such that the fohowing algebraic relations are satisfied: 
(^^ = 0, ^ -Id + r/ ® r/ o = 0, 77(0 = 1, 5(<^f , ^Y) = -g{X, Y) + r){X)r){Y) [11]. 

The associated metric 51 of 5 on M is defined by g{X, Y) = g{X, ipY) + r]{X)ri{Y). The 
manifold (M, (p, ^, ij, g) is also an almost contact B-metric manifold. Both metrics g and 
'g are necessarily of signature (n,n + 1). The Levi-Civita connection of g and g will be 
denoted by V and V, respectively. 

Let us remark that the 2n-dimcnsionaI contact distribution H = ker(?7), generated by 
the contact 1-form 77, can be considered as the horizontal distribution of the sub-Rie- 
mannian manifold M. Then H is endowed with an almost complex structure determined 
as ip\H ~ the restriction of (p on H, as well as a Norden metric g\H^ i.e. g\H{}p\H'-, ^\h') = 
—g\H{^^ •). Moreover, H can be considered as a n-dimensional complex Riemannian man- 
ifold with a complex Riemannian metric g^ = g\H + 'ig\H [9]- 

The structure group of (M, (/p, ^, 77, g") is ^ x X, where X is the identity on span(0 and 
Q = Q C{n; C) n 0{n, n) , i.e. it consists of the real square matrices of order 2n + 1 of the 
following type 



A 


B 




\ 


-B 


A 






7? 


1 


/ 



A^A - B'^B = In- 

B^A + A^B = Or, 



A, Be gC{n;] 



where and its transpose 1?^ are the zero row n-vector and the zero column n-vector; 
and On are the unit matrix and the zero matrix of size n, respectively. 

A classification of almost contact manifolds with B-metric is given in [11]. This clas- 
sification, consisting of eleven basic classes J^i, J-2, . . . , J-'u, is made with respect to the 
tensor F of type (0,3) defined by F{x,y,z) = g^CVx'p) y, z) and having the following 
properties F{x,y,z) = F{x,z,y) = F{x,ipy,(pz) + r]{y)F{x,C, z) + r]{z)F{x,y,^). 

If {e.j;^} (i = l,2,...,2n) is a basis of TpM and (</*•') is the inverse matrix of 
(gij), then the following 1-forms are associated with F: 9{z) = g''^ F{ei,ej, z), 0*{z) = 
g'^F{ei,ipej,z), io{z) = F{^,^,z). 

Further we use the following characteristic conditions of the basic classes: 

: ^{g{x,(py)e{fz) + g{(px,fy)9{(p'^z)}^^^^y 
F{x,C,z)=0, 6 F{x,y,pz) = 0, 9 = 0; 

x,y,z 

Fix,tz) = 0, 6 Fix,y,z) = 0; 

x,y,z 

^ -^^i0{9{fx,(py)r]{z) + g{(fx,(pz)r]{y)}; 



(1) 





F(x,y,z 


T2 ■ 


FiC,y,z: 


-^3 : 


F{i,y,z] 


7-4 : 


F{x,y,z 


-^5 : 


F{x,y,z 


-^6/7 : 


F{x,y,z 




F{x,y,i 




F{x,y,z 




F{x,y,^ 


^10 '■ 


F{x,y,z 


•Fii : 


F{x,y,z 



= -^^*i0{9ix,<fy)r]iz) + g{x,(pz)7]{y)}; 

= F{x, y, e.)ri{z) + F{x, z, £,)v{y), 

= ±Fiy,x,C) = -F{^x,ipy,C), 9 = 9* = 0; 

= F{x, y, i)ri{z) + F(x, z, i)ri{y), 

= ^F{y,x,C) = F{ipx,(py,^y, 

= F{^,<py,ipz)ri{xy, 

= r]{x) {r]{y)uj{z) + r]{z)uj{y)} . 
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The intersection of the basic classes is the special class J^q determined by the condition 
F{x, y, z) = 0. Hence To is the class of almost contact B-metric manifolds with V-parallel 
structures, i.e. V(p = = Vrj = Vg = Vg = 0. 

1.1. Associated tensor of the Nijenhuis tensor. 

The Nijenhuis tensor of the contact structure is defined by = [(p, ip]+ dr]® where 
ip]{x, y) = [px, ipy] + <y9^ [x, y] — if [^px, y] — <p [x, tpy] is the Nijenhuis torsion of ip and 
dry is the exterior derivative of the 1-form rj. 

By analogy with the skew-symmetric Lie bracket [x, y] = Vxy — V^x, let us consider 
the symmetric bracket {x, y} = V^jy + VyX. Then we introduce the symmetric tensor 
{</?, y) = {(^x, ipy} + 'p^{x, y} — 'p{fx, y} — ip{x, fy}- Additionally, we use the Lie 
derivative of the metric g along ^, i.e. {C^g) (x, y) = iyxV) V + ^yV) ^ alternative 
of d'q{x, y) = (yxV) V ~ i^yV) Then, we define an associated tensor N with N by: 

(2) N = {^,<p} + {C^g)^^. 

It is well known that the Nijenhuis tensor N is determined by covariant derivatives of 
ip and r] with respect to V as follows: 

(3) N{x, y) = {{V^xV) y-^ {V^^) y + {V^r]) y ■ • 

Proposition 1.1. The tensor N has the following form in terms ofVip and Vrj: 

(4) N{x, y) = {{V^xV) y-ip (V^(^) y + (V^r?) y ■ . 
Proof. We obtain immediately 

N{x, y) = {(/?, ip}{x, y) + [C^g) (x, y) ■ ^ = {^px, py) + ip'^{x, y) - (p{(px, y} - ip{x, ipy} 

+ {VxT]) y-i + (Vj^T?) X • ^ = V^x^y + V^ypix + p^Vxy + ^'^VyX - ipV^xV 

- piVyipx - (pVxP>y - <pV^yX + {Vxti) y -6. + (Vj,?7) X • ^ 

= (V^:e99) y + (V^yV?) x-ip {Vx^p) y-p> (VyV?) X + {Vxr}) y-^ + (V^??) x • ^, 

which completes the proof. □ 

It is known that the class of the normal almost contact B-metric manifolds, i.e. N = 0, 
is e J"2 e J4 © © J'e- 

Proposition 1.2. The class of the almost contact B-metric manifolds with N = is 
.F3 © JV- 

Proof. By virtue of (4) and the form of F{x,y,z) = g^CVx^p) y, z) in (1), we establish 
that N has the following form on M = (M, (p, ^, rj, g) belonging to J'^j (z = 1, 2, . . . , 11), 
respectively: 

^{x,y) = l{9{vx,^y)^Q + g{x,^y)e}, M e Fi; 
N{x,y) = 2{{V^xV)y-ip{VxV)y}, M e T2; 

N{x, y) = 0, M G © TV; 

Nix,y) = l9{09{x,ipy)-^, M e J^r, 
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N{x,y) = -j^e*{i)g{ipx,^y)-i, M € 

N{x,y) = A{V^T])yC, M e 

N{x, y) = -2 {7]{x)Vyi + r/(y) V^e} , M G J-g ^9; 

N{x, y) = ~ {ri{x)Lp (V5(/3) y + ri{y)ip {V (_if>) x} , Me Tio; 

N{x, y) = -2ri{x)ri{y)tpn + {ri{x)uj{(py) + ri{y)uj{(px)} ■ ^, M £ Tu, 

where 9{z) = g{@, z) and oj{z) = g{Q,, z). Then the truthfulness of the statement foUows. 

□ 

2. A DECOMPOSITION OF THE SPACE OF TORSION TENSORS 

The object of our considerations are the hnear connections with torsion. Thus, we 
have to study the properties of the torsion tensors with respect to the contact structure 
and the B-metric. 

If T is the torsion tensor of D, i.e. T{x, y) = Dxy — DyX— [x, y], then the corresponding 
tensor of type (0,3) is determined by T{x, y, z) = g{T{x, y),z). 

Let us consider TpM at arbitrary p G M as a (2n + l)-dimensional vector space with 
almost contact B-metric structure (y,(p,(,,ri, g). Moreover, let T be the vector space of 
all tensors T of type (0,3) over V having skew-symmetry by the first two arguments, i.e. 

T = {T(x, y,z) £R, x,y,z (^V \ T{x, y, z) = -T{y, x, z)} . 

The metric g induces an inner product (•,•) on T defined by {Ti,T2) = g^'^g^'^g^^ 
Ti{ei, ej,ek)T2{eq, e^, e^) for any Ti^2 S T and a basis {ej} (z = 1, 2, . . . , 2n -|- 1) of V. 

The standard representation of the structure group Q x I in V induces a natural 
representation A of ^ x X in T as follows {{Xa)T) {x, y, z) = T (a~^x, a~^y, a~^z) for any 
a G a X X and T G r, so that ((Aa)ri, (Aa)r2) = (Ti, Ts), Ti, Ta G T. 

The decomposition x = —ip'^x+r](x)^ generates the projectors h and v onV determined 
by h{x) = —if^x and v{x) = rjix)^ and having the properties ho h = h, v ov = v, hoy = 
V o h = 0. Therefore, we have the orthogonal decomposition V = h{V) © v{V). 

Bearing in mind these projectors on V, we construct a partial decomposition of T as 
follows. 

At first, we define the operator pi : T ^ T by 

Pi(T){x, y, z) = -T{ip^x, ip^y, ip^z), T eT. 
It is easy to check the following 

Lemma 2.1. The operator pi has the following properties: 

(i) piopi =pi; (ii) (pi(Ti),T2) = {Ti,pi{T2)), Ti,T2 G T; 

(m) pi o (Aa) = (Aa) opi. 

According to Lemma 2.1 we have the following orthogonal decomposition of T by the 
image and the kernel of pi : 

Wi = im(pi) = {TeT\ pi{T) = T} , = ker(pi) = {T e T \ pi{T) = 0} . 

Further, we consider the operator p2 : — >■ Wf*", defined by 

P2{T){x, y, z) = viz)T{ip\, ip'^y, 0, T G W^- 



6 MANCHO MANEV AND MIROSLAVA IVANOVA 

We obtain immediately the truthfulness of the following 
Lemma 2.2. The operator p2 has the following properties: 

(i) P2op2 = P2; (^^) (P2(ri),r2) = (ri,p2(r2)), T^^T^ewt, 

{Hi) p2 o (Aa) = (Aa) op2. 
Then, bearing in mind Lemma 2.2, we obtain 

m = mi(p2) = {r G I P2{T) = r} , Wi- = kerfe) = {t G | p2iT) = o} . 

Finally, we consider the operator p^ : defined by 

P3iT){x,y,z) = r]{x)T{^,^''y,<p''z) +riiy)T{^''x,^,<p''z), TeW^ 
and we get the following 

Lemma 2.3. The operator ps has the following properties: 

(i) P30P3=P3; {0} (j)3{Ti),T2) = {Ti,p3{T2)), Ti,T2eW^; 

{Hi) p3 o (Aa) = (Aa) op^. 

By virtue of Lemma 2.3, we have 

Ws = im(p3) = {r G I P3{T) = r} , W4 = ker(p3) = {t e \ P3{T) = o} . 

From Lemma 2.1, Lemma 2.2 and Lemma 2.3 we have immediately 

Theorem 2.4. The decomposition T = Wi © W2 © W3 © W4 is orthogonal and invariant 
under the action ofQxI. The subspaces Wi {i = 1,2,3,4) are determined by 

Wi: T{x,y,z) = -T{<f^x,^^y,v^z), W2 : T{x,y, z) = v{z)T{ip^x,<f^y,0, 

(5) Wa : T{x, y, z) = v{x)T{^, <p''y, ^^z) + ri{y)T{<p''x, <p^z), 
Wa : T{x, y, z) = -7]{z) {v{y)T{ip^x, C, + r?(x)r(4, ip^y, 0} 

for arbitrary vectors x,y,z G V. 

Corollary 2.5. The subspaces Wi {i = 1,2,3,4) are characterized as follows: 
Wi = {T G r I T{v{x),y, z) = T{x, y, v{z)) = 0} , 

W2 = {TeT\ T{v{x), y, z) = T{x, y, h{z)) = 0} , 

Wa = {T G r I T{x, y, v{z)) = T{h{x), h{y), z) = 0} , 

W4 = {TeT\ T{x, y, h{z)) = T{h{x),h{y),z) = 0} , 

where x,y,z E V. 

The torsion forms associated with T eT are defined as follows: 

(6) t{x) = g'iT{x,ei,ej), t*{x) = g'iT{x,e„^e,), i{x) = T{x,^,0 

regarding the basis {ef, ^} (i = 1, 2, . . . , 2n) of V. Obviously, t(^) = is always valid. 
According to Corollary 2.5, (5) and (6) we obtain the following 
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Corollary 2.6. The torsion forms ofT have the following properties in each of the sub- 
spaces Wi = 1,2,3,4): 

(i) IfTe Wi, then t o v = t* o v = t = 0; (ii) IfTe W2, then t = t* = t = 0; 

(m) IfTeW3,thentoh = t*oh = i = 0; (iv) If T e W4, then t = t* = 0. 

Further we continue the decomposition of the subspaces Wi = 1,2, 3,4) of T. 

2.1. The subspace Wi. Since the endomorphism (p induces an almost complex structure 
on H = ker(r7) (which is the orthogonal complement {^}^ of the subspace span(^)) and 
the restriction of on is a Norden metric (because the almost complex structure causes 
an anti-isometry on H) , then the decomposition of Wi is made as the decomposition of 
the space of the torsion tensors on an almost complex manifold with Norden metric 
known from [10]. 

Let us consider the linear operator Li : Wi — ^ Wi defined by 

Li,o{T){x,y,z) = -T{ipx,(py,ip'^z). 

Then, it follows immediately 

Lemma 2.7. The operator Li^ is an involutive isometry on Wi and it is invariant with 
respect to the group G x I, i.e. 

Li,o oLi,o = Idwi, (^i,o(Ti),Li,o(r2)) = {Ti,T2), Li,o((Aa)T) = (Aa)(Li,o(T)), 

where Ti, G Wi, a G ^ x X. 

Therefore, Li^ has two eigenvalues +1 and —1, and the corresponding eigenspaces 

W+ = {T G Wi I Li,o(r) = T} , Wf = {T G Wi I Li,o(r) = -T} 

are invariant orthogonal subspaces of Wi . 

In order to decompose Wi , we consider the linear operator Li 1 : Wf — >■ Wf defined 

by 

Li^i{T){x,y,z) = -T{ipx,ip'^y,ipz). 
Let us denote the eigenspaces = {T e Wf | i^i,i(T') = ^T}. We have 

Lemma 2.8. The operator Li^i is an involutive isometry on Wi and it is invariant with 
respect to Q xl. 

According to the latter lemma, the eigenspaces Wi,i and Wi^2 are invariant and or- 
thogonal. 

To decompose Wi , wc define the linear operator Li^2 '■ — > Wi as follows: 
Li^2{T){x, y,z) = -^ {T{(p'^z, ip'^x, (p'^y) + T{(p'^z, ipx, 'Py)}^^^y] ■ 

Lemma 2.9. The operator L-1^2 is an involutive isometry on and it is invariant with 
respect to Q xX. 

Thus, the eigenspaces ^1,3/1,4 = (T G \ Li^2{T) = ±r} are invariant and orthog- 
onal. 

Using Lemma 2.7, Lemma 2.8 and Lemma 2.9, we get the following 
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Theorem 2.10. The decomposition Wi = >Vi,i © >Vi,2 © Wi,3 © VVi,4 is orthogonal and 
invariant with respect to the structure group. 

Bearing in mind the definition of the subspaces Wi,i (i = 1, 2, 3, 4), we obtain 

Proposition 2.11. The subspaces Wi,i {i = 1,2,3,4) ofWi are determined by: 

T{^,y,z) = T{x,y,O = 0, T{x,y,z) = -T{ipx,ipy,z) = -T{x,ipy,<pz)- 

Wi,2: T{^,y,z) = T{x,y,O = 0, T{x,y, z) = -T{ipx,<py, z) = T{ipx,y,ipz); 

Wi,3 : T{^,y,z) =T{x,y,C) = 0, T{x,y, z) - T{(px,ipy, z) = & T{x,y, z) = 0; 

x,y,z 

Wi,4: T{^,y,z) = T{x,y,O = 0, T{x,y,z) - T{<px,^y,z) = e T{^x,y,z) = 0. 

Using Corollary 2.6 (i). Proposition 2.11 and (6), we obtain 

Corollary 2.12. The torsion forms t and t* of T have the following properties in the 
subspaces Wi,i (i = 1,2,3,4): 

(i) IfT£Wi,i,thent = -t*oip,toip = t*; (ii) If T e Wi,2, then t = t* = 0; 

(m) IfTeWi^3,thent = t*o<f,toip = -t*; (iv) If T e Wi,4, then t = t* = 0. 

Let us remark that each of the subspaces Wi,i and Wi^s can be additionally decom- 
posed to a couple of subspaces — one of zero traces {t, t*) and one of non-zero traces 
{t, t*), i.e. 

(7) = © yvi,i,2, Wi,3 = Wi,3,i e Wi,3,2, 

where 

= {Te Wi,i \t^0}, Wi,3,i = {Te >Vi,3 I M 0} , 

>Vi,i,2 = {Te I t = 0} , Wi,3,2 = {Te Wi,3 \t = 0}. 

Proposition 2.13. LetT G T and pi^i {i = 1,2,3,4) be the projection operators ofT in 

generated by the decomposition above. Then we have 

Pi,i/i,2i'^){x,y,z) = -\{T{ip^x,ip^y,ip^z) -T{ipx,ipy,ip'^z) :fT{(px,ip'^y,ipz) 

TT{ip'^x,ipy,ipz)} ; 

Pi,3/i,4(r)(a;, y, z) = -\ {T{ip^x, tp^y, if'^z) + T{ipx, (py, ip^z)} ± i {T{ip'^z, <p^x, ip'^y) 
+T{ip'^z, px, py) + T{pz, px, p^y) - T{pz, p^x, py) } ^^^^j . 

Proof. Let us show the calculations about pi^i for example, using [10]. Lemma 2.7 implies 
that the tensor \{T - Li,o(T)} is the projection of T G Wi in Wf = Wi,i ©>Vi,2. Using 
Lemma 2.8, we find the expression of pi^i in terms of the operators L\^q and Li^i for 
T G Wi, namely 

PiAT) = \{T- L,,o{T) - L^^T) + o Li,o(r)} , 

which implies the stated expression of taking into account that T G Wi is the image 
of r G T by pi. In a similar way we prove the expressions for the other projectors under 
consideration. 

We verify that o pi j = pi j and Y^^Pi,i = Idyy^ for i = l,2, 3, 4. □ 
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2.2. The subspace W2. Following the demonstrated procedure for Wi, we continue 
the decomposition of the other main subspaces of T with respect to the almost contact 
B-metric structure. 

Lemma 2.14. The operator L2,o, defined by L2fi{T){x,y,z) = r]{z)T{ipx,(py,$,), is an 
involutive isometry on W2 and invariant with respect to Q x I. 

Hence, the corresponding eigenspaces ^2,1/2,2 = {T E W2 \ L2fi{T) = ^T} are invari- 
ant and orthogonal. Therefore, we have 

Theorem 2.15. The decomposition W2 = W2,i W2,2 is orthogonal and invariant with 
respect to the structure group. 

Proposition 2.16. The subspaces ofW2 are determined by: 

>V2,i/2,2 : T{x, y, z) = v{z)T{ip''x, ip'^y, 0, T{x, y, = TT{ipx, ipy, 0- 

Then the tensors | {T — ^2,0(2^)} and ^ {T + L2fi{T)} are the projections of W2 in 
W2,i and >V2,2, respectively. Moreover, we have p2,j op2,j = P2,j {j = 1,2) andp2,i+P2,2 = 
Idw2- Therefore, taking into account p2, we obtain 

Proposition 2.17. Let T e T and p2,j {j = 1,2) be the projection operators of T in 
yV2,j, generated by the decomposition above. Then we have 



According to Corollary 2.6 (ii), Proposition 2.16 and (6) we obtain the following 

Corollary 2.18. The torsion forms of T are zero in each of the subspaces W2,i and 
W2,2, i-e. ifT e W2,i © ^2,2, then t = t* = i = 0. 

2.3. The subspace W3. 

Lemma 2.19. The following operators L^^k (k = 0,1) are involutive isometrics on 
and invariant with respect to Q x Z: 



By virtue of their action, we obtain consecutively the corresponding invariant and 
orthogonal eigenspaces: 



W3- = {TeWs\ L3,o(r) = -T} , W+ = {T G W3 I L3,o(r) = T} , 
W3,i/3,2 = {Te W3- I L3,i(r) = ±r} , ^3,3/3,4 = {t e w+ \ Ls,i{t) = ±r} . 



In such a way, we get 

Theorem 2.20. The decomposition W3 = Ws^i © W3,2 © W3,3 © W3,4 is orthogonal and 
invariant with respect to the structure group. 



P2,i/2,2{T){x,y,z) = ^r]{z){T{ip'^x,ip'^y,OTT{ipx,ipy,0} ■ 



L3,o{T){x,y,z) 
L3,i{T){x,y,z) 



{r]{x)TiC,ipy,ipz)}^^^y^ , 
{v{x)T{^,^''z,^^y)}^^^,^ 
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Proposition 2.21. The subspaces o/Ws are determined by: 

>V3,i/3,2 : T{x, y, z) = {r]{x)T{(„ ip^y,ip^z)] j^^^j , 

r(C, y, z) = ±r(e, z, y) = -T(^, i^y, ^z)- 

W3,3/3,4 : T{x, y, z) = {riix)T{^, ip^y, ip'^z) } j^^^, , 

T{t y, z) = ±r(^, z, y) = T{i, ipy, ipz). 

By virtue of Corollary 2.6 (iii), Proposition 2.21 and (6) we obtain 

Corollary 2.22. The torsion forms t and t* of T are zero in W^^k C W3 (fc = 2,3,4). 

Let us remark that Wa^i can be additionally decomposed to three subspaces determined 
by conditions i = 0, t* = and t = = 0, respectively, i.e. 

Wa,! = W3,i,i e >V3,1,2 e >V3,1,3, 

where 

W3,l,l = {T G W3,l I i 7^ 0, i* = 0} , W3,l,2 = {T G W3,i I i = 0, 0} , 

W3,l,3 = {Te W3,l I i = 0, = 0} . 

Proposition 2.23. Let T & T and pz,k {k = 1, 2, 3, 4) be the projection operators of T 
in Ws^fe, generated by the decomposition above. Then we have 

P^,k{T){x, y,z) = \ {ri{x)A3^k{y, z) - r]{y)Az^k{x, z)} , 

where 

^3,1/3,2(2/, z) = r(e, <p^y, ip^z) ± r(e, <p^z, if^y) - r(e, <py, ^z) t r(^, (^2;, ^y), 

^3,3/3,4(2/, = ^2^) ± r(e, (^2^, + r(e, (^y, ^z) ± r(^, ^z, ipy). 

2.4. The subspace W4. Finally, we only denote W4 as W^^i and it is determined as 
follows 

>V4,i : T{x, y, z) = rj{z) {rj{y)i{x) - v{x)i{y)] . 
Obviously, the projection operator pi^\ : T W4,i has the form 

(8) p4,i{T){x,y,z) = ri{z) {v{y)i{x) - riix)tiy)} . 

2.5. The fifteen subspaces of T. In conclusion of the decomposition explained above, 
we combine Theorems 2.4, 2.10, 2.15 and 2.20. We denote the subspaces Wij and Wij^k 
by 7^, s G {1, 2, . . . , 15} as follows: 

ri = >Vi,i,i, r2 = Wi,i,2, 75 = >Vi,2, 7i = Wi,3,i, r5 = Wi,3,2, 

(9) % = Wl,4, r7 = W2,l, 7i = W2,2, 7B = W3,1,1, riO = W3,l,2, 
ril = W3,l,3, ri2 = W3,2, ri3 = W3,3, ri4 = W3,4, ri5 = W4,l- 

We obtain the following main statement in the present paper 
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Theorem 2.24. Let T is the vector space of the torsion tensors of type (0,3) over the 
vector space V with almost contact B-matric structure (}P,^,'r],g). The decomposition 

(10) r = 71 e7ie---©ri5 

is orthogonal and invariant with respect to the structure group Q xl. 

In the following section we discuss three known natural connections with torsion on 
{M,(f,^,rj,g). Natural connections are a generalization of the Levi-Civita connection. 

3. Known Natural Connections in the Introduced Classification 

Let (M, If, ^, 77, g) be an almost contact B-metric manifold. The tangent space TpM at 
an arbitrary point p in M is a vector space equipped with an almost contact B-metric 
structure. 

It is well known that any metric connection D (i.e. Dg = 0) is completely determined 
by its torsion tensor T with 

(11) 2g {D^y - V^y, z) = T{x, y, z) - T{y, z, x) + T{z, x, y). 

Then the subspace Tg (■s = 1, 2, . . . , 15), where T belongs, is an important characteristic 
oi D. In such a way the conditions for T described as the subspace Ts give rise to the 
corresponding class of the connection with respect to its torsion tensor. 

A metric connection D is called a natural connection on (M, (/?, ^, 77, g) if the almost 
contact structure ((/9, ^, rj) as well as the B-metric g (consequently also Tj) are parallel 
regarding it, i.e. Dip = = Dr] = Dg = Dg = 0. Therefore, an arbitrary natural 
connection D on {M,ip,^,r],g) ^ Jq plays the same role like V on {M,(p,^,r],g) G Jq- 
Obviously, D and V coincide when (Af , if, ^, 77, g) G To- Because of that, we are interested 
in natural connections on {M,(p,^,r], g) ^ J^q. 

Theorem 3.1. A linear connection D is natural on {M,(p,^,r), g) if and only if Dip = 
Dg = 0. 

Proof. It is known, that a linear connection D is a natural connection on (M, ip, ^, rj, g) 
if and only if the following properties for Q(x, y,z) = g {D^y — ^xU, z) are valid [24]: 

(12) Q{x,y,ipz) - Q{x,ipy,z) = F{x,y,z), Q{x,y, z) = -Q{x, z,y). 

These conditions are equivalent to Dtp = and Dg = 0, respectively. Moreover, D^ = 
is equivalent to the relation Q{x,^,z) = —F(x,^,ipz), which is a consequence of the 
former equality of (12). Finally, since r]{-) = g{-,(,), then supposing Dg = we have 
D^^ = if and only if Dr] = 0. Thus, the statement is truthful. □ 

Proposition 3.2. Let D be a natural connection with torsion T on an almost contact 
B-metric manifold M. Then the following implications hold true: 

r G Ti 7^ 7^ ri2 ^ M G Jb; 

TeTs^M eTs; TeTa^M eTi; T M ^^2; 

TeTr^M eTt, T g 7i ^ M g J'g J'lo; T M eF^; 

TeTio^M eTr, T e Tu ^ M e Tq; TeTia^M e T9; 

TeTu^M e Tio; TeTi5^M e Tu. 
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Proof. The implications follow from (11), (12), (1), (9) and the corresponding character- 
istic conditions of Wij and Wij-^fc as well as the projection operators pij. We show the 
proof in detail for some classes and the rest follow in a similar way. 
By virtue of (11) and (12) we have 

^^2^ 2F(a:;, y, z) = T{x, y, (pz) - T{y, (pz, x) + T{(pz, x, y) 

- T{x, (py, z) + T{py, z, x) - T{z, x, py). 

Let us consider T G Wi,i = 71 © 72, which is equivalent to T = pi^iiT). Then, 
according to Proposition 2.13, we have 

T{x,y,z) = -\{T{p^x,p)^y,p^z) - T{ipx,py,ip'^z) 

-T{(px,(p'^y,pz) -T{p'^x,(py,(pz)}, 

which together with (13) imply F{x, y, z) = 0. Therefore, we obtain M ^ Tq. 

Now, let us suppose T G >Vi,2 = % and hence T = pi^2{T), which has the following 
form, taking into account Proposition 2.13: 

Tix, y, z) = -\{T{p^x, p^y, p^z) - T{px, py, p^z) 

+ T{px,p^y,pz) +T{p'^x,py,pz)}. 

Then, according to the latter equality and (13), we obtain 

F{x, y, z) = -1{-T{p'^x, p^y, pz) + T{px, py, pz) + T{p'^x, py, p^z) 

(14) + T{px, p^y, p^z) - T{pz, p^x, p^y) - T{p'^z, px, p^y) 

+ T{p'^z, p^x, py) - T{pz, px, py)} 

and consequently F(^, y, z) = F{x, y,£) = 0. Next, we take the cyclic sum of (14) by the 
arguments x, y, z and the result is 6 F{x, y, z) = 0. Therefore, M belongs to T3. □ 

Bearing in mind the class of almost contact B-metric manifolds with N = and 
Proposition 3.2, wc obtain immediately 

Corollary 3.3. An almost contact B-metric manifold M = (M,p,^,r], g) € J^i\J^o is 
normal, i.e. N = 0, if the torsion of an arbitrary natural connection on M belongs to 
7i©7i©7i©rio©Tii. 

Similarly, Proposition 1.2 and Proposition 3.2 imply 

Corollary 3.4. An almost contact B-metric manifold M = (M, p, ^, 77, g) E J^o has 
N = 0, if the torsion of an arbitrary natural connection on M belongs to Tk®T7. 

3.1. The (^B-connection in the classification. In [25], it is introduced a natural 
connection D on (M, p), ^, 77, g) in any basic class by 

DxV = V^y + \{{yxv) + i^xTj) y ■ e} - rj{y)V^^. 

In [26], this connection is called a pB- connection. It is studied for some classes of the 
manifolds (M,p,^,rj,g) in [25, 22, 23, 26]. The (^B-connection is the odd-dimensional 
analogue of the B-connection on the corresponding almost complex manifold with Norden 
metric, studied in [8] for the class of the conformal Kahler manifold with Norden metric. 
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This connection has a torsion tensor and torsion 1-forms as follows: 

(15) T(x,y,z) = {-^F{x,ipy,ip'^z) + r]{x)F{y,ipz,^) + r]{z)F{x,ipy,^)} ^^^^^ 

(16) i = l{e* + e*{Ori}, i* = -l{e + e{Ov}, t = -u;o^. 

Applying Propositions 2.13, 2.17, 2.23 and equation (8) for the torsion tensor T from 
(15), we obtain the components of T in each of the subspaces Wij: 

pi,i{f){x,y,z)=0, 

Pi,2iT){x, y,z) = -\ {F{(p'^x, ip^y, (pz) - F{ipx, (py, V>z)}[^^y] , 
Pi,3/iA'^)(^^y^^) = -l{P{v'^z^v'^y^Vx)±F{ip'^x,ip'^y,ipz) 

±F{ipx,<py,ipz)}^^^y^, 
P2,i/2,2iT){x,y,z) = -lr){z){F{ip^x,ipy,OTF{vx,y,0}[^^y], 
^j^^ P3,i/3,2iT)ix,y,z) = i{r?(y) [F{(p'^x,(pz,0 ± Fi<p'^z,(px,0 

-F{(px, z, T F{'pz, X, 0] } [^^y] , 
P3,3{T)ix,y,z) = l{ri{y) [F{<p^x,cpz,0 + F{<p^z,ipx,0 

+F{ipx,z,0 + F{ipZ,X,0]}[^^yy 
P3,i{t){x,y,z) = liviy) [F{(p^x,(pz,0 - F{(p^z,(px,0 + F{(px,z,^) 

-F{ipz, X, + 2F(e, ifx, ip'^z)] } j^^^j , 
P4,iif){x,y,z) = ri{z) {ri{x)uj{(py) - ri{y)uj{(px)} . 

Such a way we establish the position of the torsion of D in the classification (10) as 
follows 

Proposition 3.5. The torsion T of the ipB- connection on {M,(p,^,r), g) belongs toTs® 

3.2. The (/?KT-connection in the classification. In [24], it is introduced a natural 
connection on {M,cp,^,r],g), called a ipKT- connection, which torsion tensor T is totally 
skew-symmetric, i.e. a 3-form. The (/?KT-connection is the odd-dimensional analogue of 
the KT-connection introduced in [29] on the corresponding class of quasi-Kahler almost 
complex manifolds with Norden metric. 

Corollary 3.6. The cp KT-connection exists on an almost contact B-metric manifold 
(M, if, ^, ri,g) if and only if the tensor N vanishes on it. 

Proof. It is proved in [24] that (/^KT-connection exists only on {M,(p,^,r], g) G © 
i.e. the class of almost contact B-metric manifolds, where ^ is a Killing vector field and 
the cyclic sum 6 of F by three arguments is zero. According to Proposition 1.2, the class 
© is characterized by the condition N = which completes the proof. □ 

The unique (^KT-connection D is determined by 

9{Dxy, z) = g{Vxy, z) + \f{x, y, z), 
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where the torsion tensor is defined by 

T{x,y,z) = 6 {F{x,y,ipz) -3r]{x)F{y,ipz,C)} 

(18) ^'^'^ 

= {r,Adr]){x,y,z) + l 6 N{x,y,z). 

Obviously, the torsion forms of the (^KT-connection are zero. 

From (18), in a similar way of (17), we get the following non-zero components of T: 

pi,2{f){x, y, z) = -\{F{x, y, tpz) + F{y, z, ipx) - F{z, x, ipy) 

-ri{x)F{y,Lpz,C) + r]{y)F{z,ipx,^) + 'r]{z)F(x,ipy,^)} , 

(19) PiA{T){x,y,z) = -F{z,x,tpy) - r]{x)F{y,ipz,(,), 
P2,i{f){x,y,z) = 2r]{z)F{x,(py,^), 

P3,2{T){x, y, z) = 2r]{x)F{y, ipz, + 2r]{y)F{z, ipx, 0- 

Therefore wc have 

Proposition 3.7. The torsion T of the (pKT-connection on {M,(p,^,r], g) G J^a ® J^y 
belongs to Ts © Te Tr © Ti2. 

3.3. The (^-canonical connection in the classification. In [27], it is introduced a 
natural connection D on {M,ip,^,r],g), called a ip-canonical connection, if the torsion 
tensor T of D satisfies the following identity: 

{f{x,y,z)-fix,ipy,ipz)-ri{x){f{^,y,z)-f{t'Py,w)} 
~viy) {T{x, z) - fix, z, - v{x)f{z, e, = 0. 

Let us remark that the restriction the (y9-canonical connection of (M, ip,^,r],g) on the 
contact distribution ker(r7) is the unique canonical connection of the corresponding almost 
complex manifold with Norden metric, studied in [10]. 

The torsion tensor of the the (^-canonical connection is 

(21) f{x, y, z) = T{x, y,z)-l {N{^p'^z, ip'^y, ip^x) + 2N{ipz, ipy, Ov{x)}[^^y^ , 

where T is the torsion tensor of the i^B-connection from (15). The torsion forms are the 
same as in (16). 

In [27], it is proved that the i^jB-conncction and the (/^-canonical connection of the 
manifold {M,(p,^,ri, g) coincide if and only if N{(p-,(p-) = 0, i.e. on any manifold from 
J^i, i G {1,2,... ,11} \ {3,7}, where the (yjKT-connection does not exist. For the rest 
basic classes, where the (^KT-connection exists, we obtain 

Proposition 3.8. Let {M,ip,^,r],g) be an arbitrary manifold in Fi, i € {3,7}. The ipB- 
connection D is the average connection of the ipKT-connection D and the ip-canonical 
connection D, i-e. 2D = D + D. 

Proof By virtue of (17), (19) and (21) we obtain: 
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1) for 

Pi,2(T)ix,y,z) = pi^2(f){x,y,z) = pi^2{f){x,y, z) 

= -\ (fi^y, (fz) + F{(p^y, (f^z, (px) - F{(p^z, ip^x, ipy)} , 

'^PiA{T){x,y,z) = pi^4.{f){x,y,z) = -F{ip^z,ip^x,ipy), pi,i(f){x,y,z) = 0; 

2) for 

P2,i{t){x, y, z) = p2,i{f){x, y, z) = P2,i{f){x, y, z) = 2ri{z)F{x, ipy, 
2p3,2(T)(x, y, z) = pz,2{f){x, y,z) = 2 {v{x)F{y, ^z, - r]{y)F{x, <pz, 0} , 
P3,2{T){x,y,z) = 0. 

Therefore, we establish that 2T = T + T for and J7. Then, using (11), we obtain 
2Q = Q + Q iov the corresponding tensors Q{x,y,z) = g{Dxy — ^xy,z), Q{x,y,z) = 
g{Dxy — ^xV; -2), Q{x., y, z) = g{Dxy — ^xy, z). Therefore, we have the statement. □ 

Proposition 3.2 and Proposition 3.8 imply 

Corollary 3.9. The torsion of the ip-canonical connection on {M,Lp,S^,r],g) belongs to 
T3 and 7? if and only if (M, Lp,S,,ri,g) belongs to J-3 and T-j, respectively. 

Remark 3.10. The implications in Proposition 3.2 become equivalences for the (^-canonical 
connection on (M, 99,^, 77, 5) G J^, i G {1, 2, . . . , 11} \ {3, 7}, according to [27]. 
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